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ABSTRACT: We prove the existence of a fully nonlinear conserved curvature perturbation on large scales in
Galileon-type scalar field models in two approaches. The first approach is based on the conservation of energy-
momentum tensor of the Galileon field, which is also the familiar approach in understanding the conservation
in k-essence or perfect fluid models. We show that the fluid corresponding to the Galileon field becomes perfect
and barotropic on large scales, which is responsible to the conservation. The difference from k-essence model is
that, besides the energy-momentum conservation, the Einstein equation must be employed in order to complete
the proof of barotropy. In the second approach, we derive the fully non-perturbative action for the curvature
perturbation ζ in Galileon models on large scales, and argue that ζ = const is indeed an exact solution on large
scales. This conservation of curvature perturbation is important since it relates the later and the primordial
universe.
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1 Introduction and motivation
Inflation [1] is one of the most exciting and successful ideas in modern cosmology. Over the years, inflation has
become so popular because of its prediction of a nearly scale-invariant primordial density perturbation, which
was generated and frozen during inflation to seed wrinkles in the Cosmic Microwave Background(CMB) [2]
and today’s Large-scale Structure (LSS).
The most popular and widely studied inflationary models are mostly based on scalar fields [3]. Among
them, k-essencial scalar models [4] have attracted much attention due to their broad generality, since which can
be viewed as the most general scalar field theories with Lagrangians containing derivatives up to the first order:
L = L(φ,∇φ). Indeed, this is the “normal” construction of field theories. Nevertheless, one can make a step
further to consider higher order derivative theories. However, these theories are often suffered with unexpected
degree(s) of freedom such as ghost(s), breakdown of causality as well as instability problems. This fact makes
the construction of scalar field models beyond the first-order derivative be not trivial.
In the study of DGP theory [9] as well as some consistent theories of massive gravity [10], a term (∇φ)2φ
arises in the decoupling limit, which yields a second-order equation of motion and thus prevents possible extra
degree of freedom and ghost. This is the simplest example of a higher-order derivative scalar field Lagrangian
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which still keeps the equation of motion as second-order1 (we refer to this property as “second-order preserv-
ing”). Inspired by this result, the so-called “Galileon” was proposed (and also named) in [16] in flat background
and extended in [17] in general background, which introduced more general “second-order preserving” terms
which are nonlinear in second-order derivatives.
Historically, the most general scalar-tensor theories with second-order equations of motion in four dimen-
sions was firstly explored by Hordeski in 1974 [18]. This idea — keeping the equation of motion as second order
— was further developed independently and extended in [19] following the concept of “Galileon”, in which the
most general scalar field theories which we refer to as the “generalized Galileons”, whose Lagrangian contains
derivatives up to the second order L = L(φ,∇φ,∇∇φ), but still keeps the equations of motion as second order
as well as linear in the second-order temporal derivative φ¨ in arbitrary dimensions, was constructed. It can be
shown that Horndeski’s theory is included in and equivalent to the “generalized Galileons” [19, 23]. Special
cases of the “generalized Galileons” can also be realized as probing brane embedded in a higher dimensional
spacetime [20]. The “generalized Galileons”, opens up new windows in the study of cosmology and inflation-
ary model construction, which have not been explored before. Since the invention of Galileons, a number of
applications have been made to various contexts in cosmology [21–23].
Before applying Galileon models to various aspects of cosmology, however, there is an important issue
should be investigated: the existence (or non-existence) of a conserved curvature perturbation on super-Hubble
scales. As in the mostly accepted picture of cosmology, the evolution of cosmological perturbations can be
divided into three stages: 1) generation during the early period of inflation as quantum fluctuations, 2) exiting
the Hubble radius during inflation and becoming super-Hubble classical perturbations, 3) finally re-entering
the Hubble radius in the later radiation/matter dominated era. CMB and LSS formed in the third stage, in
which we need to set the “initial conditions” for their evolution. These initial conditions are typically given by
simply the primordial information, which is evaluated in the first stage. What ensures this procedure is that, the
curvature perturbation is conserved on super-Hubble scales, which allows us to relate the primordial and the
later perturbations directly.
The previous understanding of conservation of curvature perturbation highly relies on the study of perfect
fluid or k-essencial scalar field. It is well-known that for perfect fluid, there exists a fully nonlinear curvature
perturbation, which is conserved on large scales to fully nonlinear perturbative orders, if the pressure is a func-
tion of the energy density, i.e. if the fluid is barotropic [8, 13]. Equivalently, the corresponding perturbation is
called adiabatic. On the other hand, for perfect fluid or k-essencial scalar field, scalar perturbation always be-
comes adiabatic on large scales [31–33]. This fact explains the existence of a conserved curvature perturbation
in such models.
From the point of view of k-essence [4], the Galileon field is quite strange: it is a model of a single scalar
field, whereas its energy-momentum tensor takes the form of an imperfect fluid [25, 26]. This is contrary to
the case of k-essence scalar, whose energy-momentum tensor can always be cast into a perfect fluid form in
its own comoving frame. Furthermore, as we will show, the energy-momentum tensor of Galileon field has
complicated dependence on both scalar field quantities φ, φ˙ etc, but also on gravitational quantities such as
Riemannian tensors. This reveals that the energy-momentum tensor is not simply controlled by the property of
the Galileon field itself, but also depends on the whole dynamics of the gravity-scalar field system due to the
“kinetic coupling (braiding)” between gravity and scalar field, as was also pointed in [25, 26]. This fact makes
the equation of state, i.e. the relation between ρ and P much involved. Combining the above complexities
together, one may wonder if the conservation law for the curvature perturbation still holds in Galileon models.
1Actually, General Relativity is another elegant example, since the Ricci scalarR contains second order derivatives of the metric, but
the resulting Einstein tensor in the equation of motion is also up to the second order derivatives. This is because the second derivatives
of the metric enter R linearly.
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The present work is devoted to answer this question. We will show the presence of a conserved non-
linear2 curvature perturbation on large scales in generalized Galileon scalar field models [19]. Two different
approaches are taken to prove this. The first approach is based on the energy-momentum conservation, which
is the familiar approach in understanding the conservation in k-essence or perfect fluid models [8, 13]. We will
employ the “covariant approach” (or “geometric approach”) to cosmological perturbations [13] (see [11, 12] for
reviews and [14] for related recent development), which can be viewed as a “middle-way” between the usual
“coordinate-based perturbative” approach (see [5] for comprehensive reviews) and the “gradient expansion” ap-
proach [6–8]. Both the “gradient expansion approach” and “covariant approach” can produce non-perturbative
results. As mentioned before, an important conclusion got from the previous analysis is that, the existence of
a conserved curvature perturbation is the consequence of the conservation of energy-momentum tensor [8, 13].
Precisely, there is a conserved curvature perturbation on large scales and on all peturbative orders, as long as
the “non-adiabatic pressure” and the “dissipative pressure” vanish, since which act as source terms in the evo-
lution equation for the curvature perturbation. Correspondingly, the vanishing of dissipative pressure requires
the fluid to be perfect, and the vanishing of non-adiabatic pressure implies the fluid is barotropic. As we will
show, this is just what happens for the fluid corresponding the Galileon field on large scales. To this end, we
divide our proof into three parts:
• First we show the “Galileon-fluid” is perfect on large scales, or more precisely, the dissipative pressure
is vanishing. As we have mentioned, there is always a comoving frame for k-essencial scalar field
in which its energy-momentum tensor takes the perfect fluid form. This is not possible for Galileon
field. However, thanks to the higher-order derivative construction of Galileon model, both the energy-
flow and the anisotropic pressure are suppressed by spatial derivatives. Consequently, the corresponding
dissipative pressure is suppressed by spatial derivatives just as in k-essence model.
• Then we show the “Galileon-fluid” is controlled by two variables φ and φ˙ on large scales, which is
essential in our whole analysis. This is explicit in the k-essence model, since which depends on φ and its
kinetic term X = −(∇φ)2/2 and thus φ˙ on large scales. The situation is much more involved in Galileon
model. As we have mentioned, its energy-momentum tensor depends not only on φ, φ˙, but also explicitly
on φ¨ as well as various gravitational quantities. However, after employing the Einstein equation as well
as the energy-momentum conservation, we can re-express all the other quantities in terms of φ and φ˙.
Essentially, this is because the Galileon model has only one dynamical degree of freedom, the scalar field
φ.
• Finally, we show the entropy/non-adiabatic perturbation3 in the Galileon model is suppressed on large
scales, as what happens in k-essence or perfect fluid models [31–33]. Correspondingly, the non-adiabatic
pressure vanishes and only the adiabatic mode survives on large scales, which implies the conservation
of curvature perturbation.
These three steps complete our proof. This approach — relying on the energy-momentum tensor and thus the
fluid picture of the Galileon field (see [26] for a recent investigation of the fluid picture of the Galileon term
G(X,φ)φ) — is physically transparent and meaningful but mathematically complicated. Thus we develop the
other approach, that is to derive the evolution equation for the curvature perturbation ζ on large scales directly
and to see if it possesses a constant solution. This is more familiar to the usual coordinate-based approach.
In [24], the conservation of curvature perturbation in Galileon model with G(X,φ)φ term in the La-
grangian is studied, where the key assumption φ˙ = φ˙(φ) is made in order to prove the conservation. We wish
2Here we refer to the curvature perturbation as“nonlinear” simply mean it is conserved on all orders in a perturbative analysis.
3Since the Galileon model involves only a single scalar field, this is often referred to as the intrinsic entropy/non-adiabatic pertur-
bation.
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to emphasize is that, as we show in Sec.2 and in Appendix A, it is the suppression of entropy mode on large
scales, which acts as a source term for the evolution of curvature perturbation, that ensures the conservation of
curvature perturbation. Of course, as a result, the scalar field is driven to the attractor with φ˙ = φ˙(φ) on large
scales.
2 Adiabaticity on large scales
2.1 Energy-momentum conservation and evolution of curvature perturbation
We employ the covariant approach to cosmological perturbations [13], and briefly collect the relevant formulae
below (see [11, 12] for reviews). The covariant formalism is powerful in that, it provides an explicit and
especially a covariant separation of an object into its timelike and spacelike parts, which is most convenient for
our purpose for investigating the large-scale behavior of a system, where we will concentrate on the leading
terms in the expansion with respect to the spatial derivatives4 .
The covariant approach to cosmological perturbations is highly related to the so-called “3+1” or covariant
formalism [15], which splits all covariant quantities into temporal and spatial parts by choosing a special fo-
liation structure of spacetime. This splitting is usually realized by specifying an arbitrary unit timelike vector
field ua. The energy-momentum tensor can be decomposed as5
Tab = ρuaub + Phab + 2u(aqb) + πab, (2.1)
where hab ≡ gab + uaub is the spatial projection tensor which is orthogonal to the fluid velocity ua, ρ and P
are the energy density and pressure respectively, the energy flow qa and the anistropic stress πab are both spatial
tensors which satisfy qaua = 0, πabub = 0, πab = πba and gabπab = habπab = 0. The fluid variables can be
read from (2.1) as
ρ ≡ uaubTab, (2.2)
P ≡ 1
3
habTab, (2.3)
qa = −hbaucTbc, (2.4)
πab ≡
(
hcah
d
b −
1
3
hcdhab
)
Tcd (2.5)
The spatially-projected derivative Da acting on an arbitrary tensor is defined by
DaT
···b···
···c··· ≡ ha
′
a · · · hbb′ · · · hc
′
c · · · ∇a′T ···b
′···
···c′···, (2.6)
where the operator Da is indeed a real covariant derivative, but associated with hab instead of gab. We also
introduce the decomposition of derivative of ua,
Dbua ≡ ∇bua + ubaa = 1
3
Θhab + σab + ωab, (2.7)
4The covariant approach, which relies on the “3+1 decomposition” — contrary to the most popular “coordinate-based approach”,
which specifies a coordinate system in which the background is spatially homogeneous, breaks the general covariance in a “hard”
manner and yields the problem of gauge artifacts — splits the time and space in a covariant manner without introducing any preferred
coordinate system. This fact allows the covariant approach to grasp the physical transparency which is often lost in coordinate-based
calculations, and to yield many interesting understandings on cosmological perturbation, including the conservation of super-Hubble
curvature perturbation. However, the main obstacle in covariant approach is that, it is not easy to perform a perturbative calculation,
which is needed for practical purpose.
5Throughout this paper, symmetrization is normalized, i.e. A(aBb) ≡ 12 (AaBb + AbBa). We use a, b, · · · as covariant indices,
which are popular in the literatures on covariant formalism.
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where Θ ≡ ∇aua is the expansion, aa ≡ ub∇bua is the acceleration vector, σab = σba is the symmetric
tracefree shear tensor, ωab = −ωba is the antisymmetric vorticity tensor. Note the Frobenius’ theorem implies
ωab = 0 if ua is hypersurface orthogonal, which is just the case we are interested in.
The projection of the conservation of energy-momentum tensor onto ua, i.e. ua∇bT ab = 0, yields a
continuity equation for the energy density and pressure:
ρ˙+Θ(ρ+ P ) = D, (2.8)
where the dissipative term reads
D = −qaaa −Daqa − πabσab. (2.9)
In this section, an over dot “ ˙ ” denotes the Lie derivative with respect to ua: £u, which has the natural
explanation as a “covariant” temporal derivative. When acting on scalar quantities, it is just f˙ = £uf =
ua∇af . We can define the covector6 [11, 13]
ζa ≡ Daα− α˙
ρ˙
Daρ, with α˙ ≡ 1
3
Θ, (2.10)
which can be explained as the curvature perturbation. It was shown in [11, 13] that (2.8) can induce an evolution
equation for ζa,
ζ˙a =
Θ2
3ρ˙
(Γa +Σa) , (2.11)
where
Γa = DaP − P˙
ρ˙
Daρ, (2.12)
and
Σa = − 1
Θ
(
DaD − D˙
ρ˙
Daρ
)
+
D
Θ2
(
DaΘ− Θ˙
ρ˙
Daρ
)
, (2.13)
are the nonlinear non-adiabatic pressure and dissipative pressure respectively7 . Now it becomes explicit from
(2.11) that, in order to prove the conservation of ζa, i.e. to show it satisfies a conservation law ζ˙a = 0, the
source term in the right-hand-side of (2.11) must vanish, i.e.:
Γa +Σa = 0. (2.14)
As we will see, this is just what happens in Galileon model on large-scales, where both the dissipative pressure
Σa and the non-adiabatic pressure Γa vanish separately, which implies the fluid corresponding to the Galileon
field becomes perfect and barotropic on large scales. Correspondingly, the scalar perturbation in Galileon
model becomes adiabatic.
2.2 Galileon model with G(X,φ)φ
In this section, we make a detailed investigation on the Galileon model with G(X,φ)φ. This term has already
included the essential ingredients in our analysis, but is simple enough in order to help us to grasp the physical
6In the covariant approach, perturbations are usually defined as spatial gradients, e.g. the scalar perturbation δφ in coordinate-based
approach is represented by Daφ, the energy density perturbation δρ is represented Daρ, etc. See [11, 13, 15] for details.
7Throughout this paper, we use the words “dissipative pressure” or “entropy perturbation” to indicate the effects of imperfect fluid
nature of the energy-momentum tensor of the “generalized Galileons”, which is usually used in the cosmological context. One should
keep in mind that, the Galileon model is a closed and essentially conservative system, which implies there is no real physical dissipation
or entropy production.
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picture without being immersed in cumbersome mathematics. A full treatment of the generalized Galileon is
presented in Sec.2.3.
Consider the Galileon model
Lφ = K(X,φ) +G(X,φ)φ, (2.15)
where X ≡ −(∇aφ)2/2. The corresponding energy-momentum tensor Tab ≡ − 2√−g
δ(
√−gLφ)
δgab
of the scalar
field reads
Tab = Agab +B∇aφ∇bφ+∇aφ∇bG+∇bφ∇aG, (2.16)
with
A = K −∇aφ∇aG, (2.17)
B = K,X +G,Xφ. (2.18)
Here and in what follows, K,X denotes ∂K/∂X, etc. (2.16) does not takes the form of the energy-momentum
tensor of a perfect fluid, due to the presence of G(X,φ). In the covariant formalism, the corresponding fluid
quantities can be calculated straightforwardly:
ρ = −A+ B˜φ˙2 + 2G,X φ˙X˙, (2.19)
P = A+
1
3
(
B˜DaφD
aφ+ 2G,XDaφD
aX
)
, (2.20)
qa = −B˜φ˙Daφ−G,X
(
X˙Daφ+ φ˙DaX
)
, (2.21)
πab = B˜DaφDbφ+G,X (DaφDbX +DbφDaX)
−1
3
(
B˜DcφD
cφ+ 2G,XDcφD
cX
)
hab, (2.22)
where B˜ = B + 2G,φ, f˙ ≡ ua∇af . (2.19)-(2.22) can match the corresponding results derived in [26] in
coordinate-based approach.
It is important to note, as in the single k-essencial scalar field model, both the energy-flow qa and anisotropic
pressure πab involve at least one spatial derivative, and thus can be neglected on large scales. Precisely, we may
write
qa ∼ O(D), πab ∼ O(D2), (2.23)
where O(Dn) denotes n-th order in spatial derivatives. One difference between Galileon and k-essence is that,
in single field k-essence model, we are always able to choose an unique “comoving frame” for the scalar field
defined by Daφ = 0, in which the fluid becomes exactly a perfect one, i.e. q(com)a = π
(com)
ab = 0. This is not the
case for Galileon. As from the expression for qa and πab, in the comoving frame for the scalar field, π(com)ab = 0
as in k-essence model, however the energy-flow8
q(com)a = −G,X φ˙DaX 6= 0, (2.24)
due to the dependence of G on X. As was firstly pointed out in [26] and will be shown in the following
sections, this is also the case in the full “generalized Galileons”. This fact prevents the energy-momentum
tensor of Galileon from a perfect one.
8This phenomenon was also found in [22] in studying the scalar perturbations of Galileon model (2.15), where it was firstly pointed
out that, contrary to the k-essence model, the “comoving gauge” T 0i = 0 and the “uniform field gauge” δφ = 0 are not equivalent in
Galileon model (2.15).
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For our purpose in this work, we concentrate on the energy density ρ and the pressureP , whose explicit
expressions are
ρ = ρ(φ˙, φ,Θ, A(ρ)) = −K +
(
K,X +G,φ −G,X φ˙Θ
)
φ˙2 +D(ρ), (2.25)
P = P (φ˙, φ, φ¨, A(P )) = K +
(
G,φ +G,X φ¨
)
φ˙2 +D(P ), (2.26)
where D(ρ) and D(P ) are terms at least second-order in spatial derivatives, i.e. D(ρ) ∼ O(D2) and D(P ) ∼
O(D2), which can be safely neglected in the large-scale approximation, whose explicit expressions can be
found in (C.1)-(C.2). In (2.25)-(2.26), the arguments A(ρ) and A(P ) formally remind us the dependence of ρ
and P on all other terms which are higher-order in spatial derivatives. As was pointed in [25, 26], besides
those terms which are higher-order in spatial derivatives, the energy density and pressure have the following
functional form
ρ = ρ(φ˙, φ,Θ), P = P (φ˙, φ, φ¨). (2.27)
It is useful to recall that in k-essence model, both the energy density and the pressure take the form ρ = ρ(X,φ)
and P = P (X,φ), which can also be written as ρ = ρ(φ˙, φ) and P = P (φ˙, φ) up to terms which are higher-
order in spatial derivatives. In Galileon model (2.15), due to the dependence of P on φ¨, the pressure P is
determined only after solving φ¨ in terms of φ˙, φ etc, by making use of the dynamical equations of motion. The
dependence of ρ on Θ, however, is essential for the Galileon model, which implies the energy density depends
on the dynamics of the full system, rather than solely on the property of the scalar field. For later convenience,
note in(2.25)-(2.26), ρ is linear in Θ and P is linear in φ¨ with coefficients:
ρ,Θ ≡
∂ρ(φ˙, φ,Θ, A(ρ))
∂Θ
= −G,X φ˙3, (2.28)
P,φ¨ ≡
∂P (φ˙, φ, φ¨, A(P ))
∂φ¨
= G,X φ˙
2, (2.29)
both of which are proportional to G,X .
From (2.23), qa ∼ O(D) and πab ∼ O(D2), the definition of the dissipative term (2.9) implies D ∼
O(D2), and thus in Galileon model (2.15), the dissipative pressure is third order in spatial derivative9,
Σa ∼ O(D3), (2.30)
and thus can be safely neglected on large scales, which is similar to the case in (even multi-field) k-essence
model [13]. Thus in order to show the conservation of ζa on large scales, it is essential to show Γa ≈ 0
on large scales, which implies the fluid corresponding to Galileon (2.15) becomes barotropic on large scales,
equivalently, the scalar perturbation becomes adiabatic on large scales.
In the appendix A, we discuss the condition for the barotropy of the “2-2”-mapping system with ρ =
ρ(φ˙, φ) and P = P (φ˙, φ), which are explicit for k-essence model. Here we will show that, if the universe
is dominated by Galileon field, the energy density and pressure of Galileon can always be cast into the “2-2
mapping” form, which is essential in our analysis. To this end, we have to make use of the Einstein equation
Gab = Tab. Precisely, by projecting both sides on uaub we arrive at the energy constraint
uaubGab = ρ. (2.31)
9Readers who are familiar with the “3+1 formalism” would recall aa = Da lnN , where N is the scalar lapse function. Thus the
acceleration aa is first order in spatial derivative.
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Using the decomposition (in writing this, we assume ua is hypersurface orthogonal, which is actually the case
of cosmological interest)
Dbua =
1
3
Θhab + σab, (2.32)
as well as the Gauss-Codacci equations (see Appendix F), we are able to rewrite the energy constraint as
1
3
Θ2 +R = ρ, with R ≡ 1
2
(
3R− σabσab
)
, (2.33)
where 3R is the intrinsic Ricci scalar of the spacelike hypersurface orthogonal to the 4-velocity ua, which is
just the Ricci scalar associated with hab. (2.33) is the covariant (and non-perturbative) version of the familiar
background equation 3H2 = ρ. In an almost FRW universe, which is the interest of cosmology, R(3) ∼ O(D2).
Similarly the shear σab also rapidly decreases on large scales. Using (2.33) and (2.25), we can solve Θ as
Θ = Θ(φ˙, φ,A(Θ))
= −3
2
φ˙3G,X ±
√
3
√
φ˙2 (G,φ +K,X)−K + 3
4
G2,X φ˙
6 +D(ρ) −R, (2.34)
where “±” denotes different possible choices of branch, A(Θ) denotes the dependence of Θ on all terms which
are higher-order in spatial derivatives. In (2.34), it is explicit that on large scales, Θ depends only on φ˙, φ.
Using the definition of ρ together with the energy constraint (2.33), we can eliminate DaΘ and Θ˙ and get
Daρ =
(
1− 3ρ,Θ
2Θ
)−1 [
ρ
,φ˙
Daφ˙+ ρ,φDaφ+ ρ,A(ρ)DaA(ρ) −
3ρ,Θ
2Θ
DaR
]
, (2.35)
ρ˙ =
(
1− 3ρ,Θ
2Θ
)−1 [
ρ
,φ˙
φ¨+ ρ,φφ˙+ ρ,A(ρ)A˙(ρ) −
3ρ,Θ
2Θ
R˙
]
. (2.36)
Note even on large scales, Daρ 6= ρ,φ˙Daφ˙ + ρ,φDaφ etc, due to ρ,Θ 6= 0. As we have mentioned before,
we can solve φ¨ from the dynamical equation of motion for the salar field, or more conveniently through the
energy-momentum conservation (2.8) together with the energy constraint (2.33) to get
φ¨ = A(φ˙, φ,A(φ¨)) = − (1 + λ)−1
[
ρ,φ
ρ,φ˙
φ˙+
Θφ˙2
ρ,φ˙
(
1− 3ρ,Θ
2Θ
)(
K,X + 2G,φ −G,X φ˙Θ
)
+D(φ¨)
]
, (2.37)
with
λ = −Θρ,Θ
φ˙ρ
,φ˙
(
1− 3ρ,Θ
2Θ
)
, (2.38)
D(φ¨) is higher-order in spatial gradient which is given in (C.3). Again A(φ¨) denotes the dependence of φ¨ on
terms with higher order spatial derivatives bisides φ˙ and φ˙. Thus we have
DaP =
(
P
,φ˙
+ P
,φ¨
A
,φ˙
)
Daφ˙+
(
P,φ + P,φ¨A,φ
)
Daφ+ P,φ¨A,A(φ¨)DaA(φ¨) + P,A(P )DaA(P ), (2.39)
P˙ =
(
P
,φ˙
+ P
,φ¨
A
,φ˙
)
φ¨+
(
P,φ + P,φ¨A,φ
)
φ˙+ P
,φ¨
A,A(φ¨)A˙(φ¨) + P,A(P )A˙(P ). (2.40)
Although (2.35)-(2.40) look cumbersome, the meaning of whose structures is simple: besides all the terms
which are higher order in spatial gradients, e.g. A(ρ), R etc, on large scales, both ρ and P are only determined
by φ˙ and φ, which is essential for our following analysis.
Having shown that both the energy density and the pressure can be written as functions of φ˙ and φ together
terms which can be neglected on large scales, we are at the point to show that Γa ≈ 0 on large scales. For later
convenience, we introduce the “relative entropy perturbation” between any two variables X and Y :
Sa(X,Y ) ≡ DaX
X˙
− DaY
Y˙
, (2.41)
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which will significantly simplifies our following discussion. In terms of Sa(X,Y ), the non-adiabatic pressure
is just
Γa = P˙Sa(P, ρ). (2.42)
As usual, we introduce the so-called “comoving density perturbation”
ǫa ≡ Daρ− ρ˙
φ˙
Daφ = ρ˙Sa(ρ, φ). (2.43)
It is well-known that in the perturbation theory of perfect fluid or k-essence scalar field model, the comoving
density perturbation is suppressed on large scales. Actually as we will show, what is suppressed is the following
quantity [13]
ǫ˜a ≡ Daρ−Θqa. (2.44)
To this end, we have to make use of the Einstein equation. The momentum constraint is given by
ubGbch
c
a = −qa, (2.45)
which can be recast into a more convenient form
Dbσba − 2
3
DaΘ = −qa, (2.46)
through the Gauss-Codazzi relations (see Appendix F). Combining the energy constraint (2.33) and the mo-
mentum constraint (2.46) together, we get
DaR+ΘDbσba = Daρ−Θqa ≡ ǫ˜a, (2.47)
which is the covariant generalization of the Poisson equation in linear theory. (2.47) is one of the essential
equations in our analysis. In an almost FRW background, the left-hand-side of (2.47) is suppressed by spatial
derivatives, which implies that ǫ˜a ≈ 0 on large scales.
In perfect fluid or k-essence model, it was shown that ǫa and ǫ˜a exactly coincide on large scales (or in
linear theory) [13]. In Galileon model, as we will show, ǫa and ǫ˜a do not coincide but are proportional to each
other. Explicit manipulations show that (see Appendix D for detailed derivation)
ǫ˜a = (1 + λ) ǫa + (1 + λ)D(ǫa) +D(ǫ˜a), (2.48)
where λ is given in (2.38),D(ǫa) andD(ǫ˜a) are higher-order spatial derivative terms, whose expression are given
in (D.6) and (D.8). On large scales where D(ǫa) ≈ D(ǫ˜a) ≈ 0, we have
ǫ˜a ≈ (1 + λ)ǫa. (2.49)
For k-essence model, ρ does not depend on the expansion Θ explicitly, thus ρ,Θ = 0 and λ = 0. Thus (2.49)
is the generalization of the relation ǫ˜a ≈ ǫa in k-essence model to the case of Galileon (2.15). Similarly the
non-adiabatic pressure can be evaluated as
Γa =
Cφ˙
ρ
,φ˙
ρ˙
ǫa − Cφ˙
ρ
,φ˙
ρ˙
D(ǫa) +
(
1− 3ρ,Θ
2Θ
)−1 1
ρ˙
Sa, (2.50)
where
C = ρ,φP,φ˙ − ρ,φ˙P,φ + P,φ¨
(
ρ,φA,φ˙ − ρ,φ˙A,φ
)
, (2.51)
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and Sa is higher-order in spatial derivatives and is given in (D.4). On large scales, (2.50) implies
Γa ≈ Cφ˙
ρ
,φ˙
ρ˙
ǫa. (2.52)
(2.49) and (2.52) explicitly show that on large scales Γa, ǫa and ǫ˜a are proportional to each other. Whereas we
have proved that on large scales ǫ˜a is suppressed (see (2.47)), thus we get the conclusion that, on large scales,
the non-adiabatic pressure is vanishing
Γa ≈ 0. (2.53)
This fact ensures the conservation of curvature perturbation ζa on large scales.
Let us try to understand the above result. The Galileon model (2.15) involves only one dynamical degree
of freedom, the scalar field φ. Thus on large scales, the system involves only two perturbation modes Daφ˙
and Daφ, which can be combined linearly to give one adiabatic mode and one entropy mode. The fact that the
system contains only one entropy perturbation implies that, Γa, ǫa, ǫ˜a etc, although defined differently, must be
equivalent characterizations of the same entropy perturbation mode, and must be proportional to each other on
large scales. What is essential is that, the entropy mode has no dynamics for itself and is suppressed on large
scales, only the adiabatic mode survives, as what happens in the perfect fluid or k-essence models. To conclude,
as in single-field k-essence model, the scalar perturbation in Galileon model (2.15) becomes adiabatic on large
scales and the corresponding curvature perturbation ζa is conserved.
2.3 Generalized Galileon model
The above analysis can be applied to the generalized Galileon model proposed very recently in [19], although
the calculation becomes dramatically cumbersome due to the increasing complexity in the structure of the
energy-momentum tensor when including higher order Galileon terms.
The full Lagrangian of the generalized Galileon is given by [19]
S =
∫
d4x
√−g
(
1
2
R+
3∑
n=0
L(n)
)
, (2.54)
with
L(0) = K(0) (X,φ) , (2.55)
L(1) = K(1) (X,φ)φ, (2.56)
L(2) = K(2) (X,φ)
[
(φ)2 − (∇a∇bφ)2
]
+RQ(2) (X,φ) , (2.57)
L(3) = K(3) (X,φ)
[
(φ)3 − 3φ (∇a∇bφ)2 + 2 (∇a∇bφ)3
]
−6Gab∇a∇bφQ(3) (X,φ) , (2.58)
where X = −(∇φ)2/2 and
Q(2,3) (X,φ) ≡
∫ X
0
dY K(2,3) (Y, φ) , (2.59)
that is Q(n),X ≡ K(n) and K(n)(X,φ) etc are arbitrary functions of X and φ, R and Gab are Ricci scalar and
Einstein tensor respectively.
The energy-momentum tensor of the generalized Galileon model (2.54) is given by
Tab =
3∑
n=0
T
(n)
ab , T
(n)
ab ≡ −
2√−g
δ(
√−gL(n))
δgab
(2.60)
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where a superscript “(n)” denotes the contribution from L(n). We have
T
(0)
ab = K
(0)gab +K
(0)
,X ∇aφ∇bφ, (2.61)
T
(1)
ab = −
(
K
(1)
,X ∇cφ∇cX − 2XK(1),φ
)
gab
+
(
K
(1)
,X φ+ 2K
(1)
,φ
)
∇aφ∇bφ+ 2K(1),X ∇(aφ∇b)X, (2.62)
where T (0)ab + T
(1)
ab is just (2.16) with K(0) = K and K(1) = G. Contributions from L(2) and L(3) are much
involved, which are given by
T
(2)
ab = gab
{
RQ(2) −K(2)
(
(φ)2 − (∇c∇dφ)2
)
+ 4XQ
(2)
,φφ − 2K
(2)
,X ∇cX∇cX
−4K(2),φ ∇cφ∇cX − 2φ
(
K
(2)
,X ∇cφ∇cX − 2XK(2),φ +Q
(2)
,φ
)
+ 2K(2)Rcd∇cφ∇dφ
}
+
[
K(2)R+ 4φK
(2)
,φ + 2Q
(2)
,φφ +K
(2)
,X
(
(φ)2 − (∇c∇dφ)2
)]
∇aφ∇bφ
+4
(
φK
(2)
,X + 2K
(2)
,φ
)
∇(aφ∇b)X + 2K(2),X
(∇aX∇bX − 2∇cX∇c∇(aφ∇b)φ)
+2
(
K(2)φ+K
(2)
,X ∇cφ∇cX − 2XK(2),φ +Q(2),φ
)
∇a∇bφ
−2K(2)
(
∇c∇aφ∇b∇cφ+ 2∇(aφRb)c∇cφ+Rcadb∇cφ∇dφ
)
− 2Q(2)Rab, (2.63)
and T (3)ab is given in Appendix E. As T
(1)
ab depends on Θ, T
(2)
ab and T
(3)
ab have explicit dependence on gravitational
objects such as R, Rab and Rabcd etc.
Now we concentrate on the large scale behavior of the energy-momentum tensor. To this end, one would
find the following two expressions be useful
∇aφ = −uaφ˙+Daφ, (2.64)
∇a∇bφ = uaub
(
φ¨− acDcφ
)
− 2u(a
(
Db)φ˙+D
cub)Dcφ
)
−Dbuaφ˙+DaDbφ, (2.65)
where Dbua is given by (2.32). By keeping only the leading terms in spatial derivatives, we can write
∇aφ = −uaφ˙+O(D), (2.66)
∇a∇bφ = uaubφ¨− 1
3
Θφ˙hab +O(D), (2.67)
where again, O(D) denotes higher-order spatial derivative terms which will be neglected below. For later
convenience, note
X =
1
2
φ˙2 +O(D2), ∇aX = −uaφ˙φ¨+O(D), (2.68)
which can be verified easily. At this point, it is useful to note, besides ua and hab, ∇aφ and X depend on φ˙,
while ∇a∇bφ and ∇aX depend on φ˙, φ¨ and Θ on large scales.
Plugging (2.66)-(2.67) into (2.61)-(2.62), we have
T
(0)
ab ≈
(
K
(0)
,X φ˙
2 −K(0)
)
uaub +K
(0)hab, (2.69)
T
(1)
ab ≈
(
K
(1)
,φ −K(1),X Θφ˙
)
φ˙2uaub +
(
K
(1)
,X φ¨+K
(1)
,φ
)
φ˙2hab, (2.70)
from which the corresponding large-scale expressions for the energy density and pressure ρ(0), ρ(1), P (0) and
P (1) can be read easily. From (2.69)-(2.70), it is explicit that T (0)ab and T (1)ab become that of a perfect fluid
separately (and automatically) in the large-scale approximation. Actually, (2.66) and thus (2.69) are exact in
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the comoving frame of φ where Daφ = 0, which yields the well-known conclusion that k-essence scalar field
in its own comoving frame corresponds to a perfect fluid.
Similar procedures can be applied to T (2)ab and T
(3)
ab . In the following, we perform a detailed analysis on
T
(2)
ab . The large-scale expression for T
(2)
ab is
T
(2)
ab ≈ uaub
[
−
(
4
3
Θ2 + 2Θ˙
)
Q(2) + 4K(2)
(
2
3
Θ2 + Θ˙
)
φ˙2 +K
(2)
,X
2
3
Θ2φ˙4 − 2K(2),φ Θφ˙3 − 2Θφ˙Q(2),φ
]
+hab
[(
4
3
Θ2 + 2Θ˙
)
Q(2) +K(2)
(
−8
9
Θ2φ˙2 − 4
3
Θφ˙φ¨− 2Θ˙φ˙2
)
− 4
3
K
(2)
,X φ¨φ˙
3Θ
+2φ˙2Q
(2)
,φφ + 2K
(2)
,φ
(
φ¨− 2
3
Θφ˙
)
φ˙2 + 2
(
φ¨+
2
3
Θφ˙
)
Q
(2)
,φ
]
−2K(2)
(
2u(aRb)cu
cφ˙2 +Rcadbu
cudφ˙2
)
− 2Q(2)Rab. (2.71)
where we have used the decomposition of R, Rcducud on large scales, see Appendix F for details. T (2)ab have
almost taken the form of a perfect fluid, except the last line. Instead of trying to show the last line in (2.71)
can also be written in a perfect form, it is easier, however, to evaluate the corresponding energy-flow q(2)a and
the anisotropic stress π(2)ab directly and to see if they are indeed vanishing on large scales. Only the last line in
(2.71) contributes to q(2)a and π(2)ab , thus we have
q(2)a = −2
(
K(2)φ˙2 −Q(2)
)
hbau
cRbc +O(D), (2.72)
π
(2)
ab = −2
(
hcah
d
b −
1
3
hcdhab
)(
K(2)φ˙2Recfdu
euf +Q(2)Rcd
)
+O(D2). (2.73)
Contrary to T (0)ab and T
(1)
ab , at this point it is not explicit if qa ≈ πab ≈ 0 and thus T (2)ab takes the form of a
perfect fluid under the large-scale approximation. Now we need to employ the Gauss-Codazzi relations. (F.2)
yields
hbau
cRbc = Dbσ
b
a −
2
3
DaΘ ∼ O(D), (2.74)
which implies
q(2)a ∼ O(D), (2.75)
and thus vanishes in the large-scale approximation. It is interesting to note, a special case is when the coefficient
in (2.72) vanishes, i.e.
K(2)φ˙2 −Q(2) = 0.
In this case q(2)a vanishes automatically without using the Codazzi relation. This is satisfied when K(2) ∝ X,
which corresponds the original Galileon model studied in [16]. Similarly analysis can be applied to π(2)ab . To
this end, we need to use the Ricci equation (F.3) as well as (F.4), (F.5) and (F.6), which yield(
hcah
d
b −
1
3
hcdhab
)
Recfdu
euf = −1
9
(
Θ2 + 3Θ˙
)
hab +
1
3
hab
(
Θ2
3
+ Θ˙
)
+O(D2), (2.76)(
hcah
d
b −
1
3
hcdhab
)
Rcd =
1
3
(
Θ2 + Θ˙
)
hab − 1
3
(
4
3
Θ2 + 2Θ˙− Θ
2
3
− Θ˙
)
hab +O(D2),(2.77)
which cancel exactly and leave us terms of order O(D2). Thus, we can conclude that
π
(2)
ab ∼ O(D2), (2.78)
as what happens for π(1)ab . Similar procedures can be applied to T
(3)
ab and yield the same conclusion. To conclude,
the energy-flow qa and dissipative pressure πab in the generalized Galileon model (2.54) are higher-order terms
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in spatial derivatives and thus can be safely neglected in the large-scale approximation, which implies the fluid
corresponding to the Galileon model (2.54) becomes a perfect one on large scales. One may notice that up to
now, the Einstein equation has never been used. Thus the above conclusion is generic, which is irrelevant to the
underlying theory of gravitation.
Having shown both T (2)ab and T
(3)
ab become the form of a perfect fluid on large scales, which implies the
corresponding contributions to the dissipative pressure vanish Σa ≈ 0, the next step is to show the fluids
described by T (2)ab and T
(3)
ab are actually barotropic, and thus the corresponding non-adiabatic pressure also
vanishes Γa ≈ 0. From (2.71), the energy density and pressure from T (2)ab can be evaluated straightforwardly10
ρ(2) ≈ −2
3
Q(2)Θ2 +
4
3
K(2)Θ2φ˙2 +
2
3
K
(2)
,X Θ
2φ˙4 − 2Q(2),φ Θφ˙− 2K(2),φ Θφ˙3, (2.79)
and
P (2) ≈ 2
3
Q(2)
(
Θ2 + 2Θ˙
)
− 2
3
K(2)φ˙
(
Θ2φ˙+ 2Θ˙φ˙+ 2Θφ¨
)
− 4
3
K
(2)
,X Θφ˙
3φ¨
+2Q
(2)
,φφφ˙
2 + 2Q
(2)
,φ
(
φ¨+
2
3
Θφ˙
)
+ 2K
(2)
,φ φ˙
2
(
φ¨− 2
3
Θφ˙
)
, (2.80)
where again we used various relations in Appendix F. Similarly, for T (3)ab ,
ρ(3) ≈ −10
9
K(3)Θ3φ˙3 − 2
9
K
(3)
,X Θ
3φ˙5 + 6Q
(3)
,φ Θ
2φ˙2 + 2K
(3)
,φ Θ
2φ˙4, (2.81)
and
P (3) ≈ 2
9
K(3)Θφ˙2
(
2Θ2φ˙+ 6Θ˙φ˙+ 9Θφ¨
)
+
2
3
K
(3)
,X Θ
2φ˙4φ¨
−4Q(3),φφΘφ˙3 − 2Q(3),φ φ˙
(
Θ2φ˙+ 2Θ˙φ˙+ 4Θφ¨
)
+
2
3
K
(3)
,φ Θφ˙
3
(
Θφ˙− 6φ¨
)
. (2.82)
Now we concentrate on the functional structure of ρ and P in generalized Galileon model (2.54). On large
scales, note K(n), Q(n) etc are functions of φ and X ≈ φ˙2/2 and thus (see (2.69)-(2.70), (2.79)-(2.82)) the
energy density ρ and the pressure P take the following general functional form
ρ = ρ1 +Θρ2 +Θ
2ρ3 +O(D), (2.83)
P = P1 +ΘP2 +Θ
2P3 + φ¨(P4 +ΘP5 +Θ
2P6) + Θ˙(P7 +ΘP8) +O(D), (2.84)
where ρi and Pi are functions of φ and φ˙, whose explicit expressions can be read from (2.69)-(2.70), (2.79)-
(2.82). Let us focus on the dependence on Θ, Θ˙ and φ¨ of ρ and P . On one hand, ρ is simply a binomial of Θ,
which does not depend on Θ˙ and φ¨. On the other hand, Θ˙ and φ¨ enter P only linearly. The point is, this type
of functional forms of ρ and P allows us to solve Θ, Θ˙ and φ¨ in terms of φ and φ˙. To this end, the Einstein
equation and the energy-momentum constraint (which is equivalent to the evolution equation for the Galileon
field) have to be employed. Precisely, we get two equations from the Einstein equation:
ρ = uaubGab =
1
3
Θ2 +
1
2
(
R(3) − σabσab
)
=
1
3
Θ2 +O(D), (2.85)
3P = habGab = −Θ2 − 2Θ˙ − 1
2
R(3) − 3
2
σabσ
ab + 2aaa
a + 2Daa
a ≈ −Θ2 − 2Θ˙ +O(D2), (2.86)
10Actually, these large-scale expressions for ρ and P can also be derived through simply the background equations of motion by
identifying Θ = 3H .
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where we used relations in Appendix F. Alternatively, one may employ the energy-momentum constraint (2.8).
In any case, we can solve Θ and φ¨ in terms of φ and φ˙ and thus finally arrive at:
ρ = ρ(φ, φ˙), P = P (φ, φ˙), (2.87)
just as what we did for G(X,φ)φ model. It is this fact that both the energy density and pressure can be cast
into a “2-2” mapping that ensures the barotropy on large scales, as is discussed in Appendix A. The key point
is that, as what happens for K(X,φ) +G(X,φ)φ model (see (2.47)), the non-adiabatic/entropy perturbation
mode is always suppressed on large scales, leaving us only the adiabatic mode. Actually as emphasized in
Appendix A and B, this is a general conclusion as long as ρ and P are determined by two variables φ and φ˙,
which is irrelevant to the details of the model.
To end this section, we would like to make a general comment in order to understand why we can always
get ρ = ρ(φ, φ˙) and P = P (φ, φ˙), which is essential in our analysis. The Galileon action (2.54) and the
corresponding energy-momentum tensor Tab are generally constituted by the following ingredients:
φ, ∇aφ, ∇a∇bφ, Rabcd,
as well as the metric gab. In the scalar field sector, from (2.66) and (2.67), on large scales ∇aφ is proportional
to φ˙ and ∇a∇bφ is function of φ˙, φ¨ and Θ. In the gravity sector, (F.1)-(F.6), in all contractions of Riemann
tensor with ∇aφ, ∇a∇bφ and gab (and thus with hab and ua) which will contribute to the energy-momentum
tensor, only terms proportional to Θ2 and Θ˙ survive on large scales. Thus, the system is apparently controlled
by
φ, φ˙, φ¨, Θ, Θ˙,
on large scales. However, the Galileon model (2.54) is constructed in such a very special manner that the
resulting equations of motion are second order, both for the Galileon field and the metric. Two implications are
in order:
• Mathematically, repeated coordinate indices only appear once, which implies that the second order tem-
poral derivative φ¨ enters the theory only linearly11, which can be verified explicitly, as
φ ≈ −φ¨−Θφ˙, (2.88)
(φ)2 − (∇a∇bφ)2 ≈ 2Θφ˙φ¨+ 2
3
Θ2φ˙2, (2.89)
(φ)3 − 3φ (∇a∇bφ)2 + 2 (∇a∇bφ)3 ≈ −2Θ2φ˙2φ¨− 2
9
Θ3φ˙3, (2.90)
all of which are linear in φ¨. This is also what happens in the energy-momentum tensor as well as the
equations of motion.
• On the other hand, the second-order-preserving construction prevents Galileon from any extra dynamical
degree of freedom, which means Θ is not a dynamical degree of freedom and can always be solved in
terms of the real dynamical degrees of freedom. Mathematically, this fact implies in the equations of
motion (and thus in the energy-momentum tensor and Einstein tensor), there is no temporal derivatives
of Θ higher than the first order; and Θ˙ only appear linearly, as we have seen.
These two facts allow us to solve both Θ (and thus Θ˙) and φ¨ in terms of φ and φ˙, at least in principle. Physically,
this is simply because the real dynamical degrees of freedom in Galileon model (2.54) on large scales are φ and
φ˙.
11It is also this fact makes the Galileon model has a well-defined Cauchy problem.
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To conclude, the fluid corresponding to the Galileon model (2.54) becomes both perfect and barotropic on
large scales. This fact ensures the adiabaticity of the scalar perturbations in our model on large scales and thus
the conservation of curvature perturbation.
3 Shift-symmetry on large scales
In the above section, we have shown the existence of a conserved quantity which has the physical meaning as
the curvature perturbation, using the conservation of energy-momentum tensor of the scalar field. The proof is
physically transparent and meaningful but is mathematically involved. Thus it would be interesting to see the
behavior of the curvature perturbation on large scales by deriving its own evolution equation, and to verify if it
indeed possesses a constant solution.
One may recall that in k-essence models, the quadratic order action for the curvature perturbation ζ (de-
fined by δgij = a2(1 + 2ζ)δij ) is S(2) =
∫
dηd3xa2 ǫ
c2s
[
ζ ′2 − c2s(∂iζ)2
]
. On large-scales (neglecting spatial
derivatives) the action reduces to an action for one-dimensional system S(2) ∝
∫
dηa2 ǫ
c2s
ζ ′2L for ζL = ζL(η),
where ζL(η) is the long wavelength component of the curvature perturbation, which can be viewed as the av-
eraged curvature perturbation of a given local Hubble volume. The corresponding equation of motion for ζL is(
a2 ǫ
c2s
ζ ′L
)′
= 0, which has a dominant solution ζL = const. during inflation. This indicates the conservation
of ζL, i.e. the conservation of ζ on large-scales at linear order. At this point, it is interesting to note that the
absence of “mass term” ζ2 in its action ensures the conservation of ζ . Actually, due to the absence of “mass
term”, the large-scale Lagrangian a2 ǫ
c2s
ζ ′2 has the “shift symmetry” ζ → ζ + const, which is responsible to the
conservation of ζ .
Following this logic, now our task is to show ζL = const. is actually a solution (dominant solution in
an expanding background) of the Galileon models on non-linear orders. As we will see, the shift symmetry
ζ → ζ + const is preserved on fully non-linear orders, which is essential for the conservation of ζ .
We work in uniform field gauge with δφ = 0, and since we will study the perturbation on the large scales,
we take the metric perturbation as
ds2 = a2
(
−e2αdη2 + e2ζδijdxidxj
)
, (3.1)
where a = a(η) is the scale factor and ζ will be identified as the curvature perturbation. The vector modes have
no dynamics for itself (do not propagate), which decay on large scales in scalar field models. Tensor modes will
couple to scalar mode on nonlinear orders. However, these couplings arise only through the spatial derivatives
of scalar modes, e.g. ∂iζ , which can be safely neglected for our purpose. In the following, we neglect spatial
dependence of α and ζ , which means we focus on their long wavelength components αL and ζL, which are
spatially uniform in a local Hubble volume. In the following we neglect the subscript “L” for short.
As a warm-up excise, let us consider the simplest case with Lφ = X. The background equations are
6H2 = φ′2 and H′+2H2 = 0, where a prime denotes derivative with respect to comoving time η. In this case,
the large-scale Lagrangian12 is
L ≈ −3a2e−α+3ζ (ζ ′2 + 2Hζ ′) . (3.2)
Varying (3.2) with respect to α yields an equation for ζ:
e3ζζ ′
(
2H + ζ ′) = 0, (3.3)
which implies ζ ′ = 0 and thus the conservation of ζ . At this point, we wish to emphasize that (3.3) is a fully
non-perturbative result, and thus ζ = const. is a non-perturbative solution of the system on large-scales. For
12In this section, Lagrangian L includes √−g.
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completeness, it is interesting to solve the constraint α in terms of ζ . Varying (3.2) with respect to ζ yields an
equation:
α′
(
ζ ′ +H)− 2Hζ ′ − ζ ′′ − 3
2
ζ ′2 = 0, (3.4)
from which we can solve
α = ln
(
1 +
ζ ′
H
)
+
3
2
∫
dη
ζ ′2
ζ ′ +H . (3.5)
Expanding (3.5) perturbatively gives the familiar results [30]: α = ζ′H + · · · .
3.1 Galileon model with G(X,φ)φ
Now we turn to the Galileon model (2.15). After some manipulations, we arrive at a fully non-perturbative
action for the curvature perturbation ζ and α on the large scales:
S =
∫
dηa2e−α+3ζ
[
− 3 (H + ζ ′)2 + a2e2αP (X,φ) +G′ (X,φ) φ′], (3.6)
where on large scales X ≈ 12 e
−2α
a2
φ′2. We emphasize that (3.6) is exact in the limit of large scales, by neglecting
spatial gradients. No other approximation is made in deriving (3.6). Mathematically, as we have already
emphasized, the large scale action (3.6) only involves ζ through an overall exponential factor. Thus under the
constant shift of ζ:
ζ → ζ + c, (3.7)
where c is an arbitrary non-vanishing constant, the Lagrangian changes as
L → e3cL, (3.8)
which has no dynamical meaning and implies the system is actually invariant under the constant shift of ζ . This
is just the case of k-essence model we mentioned before, while the presence of Galileon-like term G(X,φ)φ
does not change this property. To conclude, if ζ = 0 is a solution of the system, ζ = const 6= 0 must also be a
solution.
Although the above argument has already completed our proof, one may convince him/herself by deriving
explicitly the evolution equations. Varying (3.6) with respect to α and ζ yields
0 = 3
(H + ζ ′)2 + 3G,X
a2e2α
φ′3
(H + ζ ′)+ a2e2αP − (P,X +G,φ)φ′2, (3.9)
and
0 =
(H + ζ ′) (H + 3ζ ′ − 2α′)+ a2e2αP + 2 (H′ + ζ ′′)
− G,X
a2e2α
φ′2
[(H + α′)φ′ − φ′′]+G,φφ′2, (3.10)
respectively. On the background level, by definition, α = ζ = 0 is a set of solutions of equations (3.9)-(3.10).
Due to the absence of ζ term in the equations, one can explicitly verify that actually
α = 0, ζ = c, (3.11)
where c is an arbitrary non-vanishing constant, is also a set of exact solutions of the nonlinear equations (3.9)-
(3.10). This completes our proof that, on large scales, ζ is conserved non-perturbatively. Note the equation for
ζ (3.10) is linear in ζ ′′, which implies the system has a well-defined Cauchy initial-value problem.
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3.2 Generalized Galileon model
The above analysis can be easily extended to the generalized Galileon model (2.54). After some manipulation,
the exact large-scale Lagrangian takes the following form
L ≈ e3ζ [A(ζ ′, α) + α′B(ζ ′, α) + ζ ′′C(ζ ′, α)] , (3.12)
where A,B,C are functions of ζ ′ and α as well as background quantities such as a and H, whose explicit
expressions are given by
A =
1
a2
e−5α
[
a6e6αK(0) + 6K(3)(H + ζ ′)2 (φ′)2 ((2H− ζ ′)φ′ − 3φ′′)+
a4e4α
(
3(H + ζ ′)(H + 2ζ ′) + 3H′ + 6Q(2) ((H + ζ ′)(H + 2ζ ′) +H′)−K(1) ((2H + 3ζ ′)φ′ + φ′′))
−6a2e2α(H + ζ ′)
(
−K(2)φ′ (ζ ′φ′ + φ′′)+ 3Q(3) ((3ζ ′(H + ζ ′) + 2H′)φ′ + (H + ζ ′)φ′′)) ], (3.13)
B =
1
a2
e−5α
[
18K(3)(H + ζ ′)2 (φ′)3 − a4e4α (3(1 + 2Q(2)) (H + ζ ′)−K(1)φ′)
+6a2e2α(H + ζ ′)φ′
(
9Q(3)(H + ζ ′)−K(2)φ′
) ]
, (3.14)
C = e−3α
(
3a2e2α
(
1 + 2Q(2)
)
− 36Q(3)(H + ζ ′)φ′
)
. (3.15)
We emphasize that in (3.13)-(3.15), functions K(0) etc are their corresponding large-scale expressions by ne-
glecting all spatial derivatives, e.g. K(0) = K(0)(12
e−2α
a2
φ′2, φ) etc. Again, from (3.12) it is explicit that ζ
enters the Lagrangian (3.12) only through an overall pre-factor e3ζ , under the constant shift ζ → ζ + c, (3.12)
transform as
L → e3cL. (3.16)
Based on the same analysis in the previous section, the system (3.12) has an exact solution ζ = const. This
proves the conservation of ζ on large scales in the generalized Galileon model (2.54).
4 Conclusion
The existence of a conserved curvature perturbation on super-Hubble scales is of particular importance in
cosmology, which allows us relate the current observations with the theoretical predictions in the primordial
era. The previous understanding of the conservation highly relies on the analysis of k-essence or perfect fluid
models. Concerning the recently proposed “generalized Galileon” models [19], it is interesting to verify if this
conservation law still holds.
In this work, we prove the existence of a fully nonlinear conserved curvature perturbation on large scales
in Galileon scalar field models in two approaches. In the first approach, we show that the fluid corresponding
to the Galileon field becomes perfect and barotropic on large scales, which are responsible to the conservation.
The difference from k-essence model is that, besides the energy-momentum conservation, the Einstein equation
must be employed in order to complete the proof of barotropy. As a more familiar and simpler formalism, we
derive the fully non-perturbative action for the curvature perturbation ζ in Galileon model on large scales, and
show that ζ = const is indeed an exact solution on large scales.
No need to say, both the two different approaches to prove the conservation are physically equivalent. The
physical explanation of the conservation is transparent: the Galileon models differ from k-essence model only
with higher-order derivative terms. The effects of these higher-order derivative terms, however, vanish on large
scales. This fact implies that, the Galileon field behaves like a k-essencial field on large scales. Thus, on large
scales, the Galileon field must share the same properties with k-essencial field, including the conservation of
curvature perturbation. The aim of this work, is to show this conservation in a “crystal clear” manner.
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A A general discussion on the entropy perturbation and barotropy
In this appendix, we will make a slightly general discussion on the barotropy of the fluid corresponding to
single scalar field model (see [27, 32] for related discussion in k-essence models). Especially, we will show
that if the energy density and the pressure can be written as a system of “2-2” mapping:
ρ = ρ(φ˙, φ,A(ρ)), p = p(φ˙, φ,A(p)), (A.1)
where A(ρ) and A(p) formally represent terms which are irrelevant for our analysis in the specific problems, for
our purpose there are higher order in spatial derivatives and can be neglected on large scales, the corresponding
fluid always becomes barotrpic on large scales. Equivalently, the scalar perturbation becomes adiabatic on large
scales.
Without loss of generality, in the following we neglecte higher-order spatial derivative terms and consider
ρ = ρ(φ˙, φ) and p = p(φ˙, φ). Perturbing (A.1) yields
Daρ = ρφ˙Daφ˙+ ρφDaφ, Dap = pφ˙Daφ˙+ pφDaφ. (A.2)
By solving Daφ˙ in terms of Daρ and Daφ, we get
Dap = c
2
sDaρ+ ρφ
(
pφ
ρφ
−
p
φ˙
ρ
φ˙
)
Daφ, (A.3)
where we define
c2s ≡
p
φ˙
ρ
φ˙
, (A.4)
which has the meaning as “propagating speed of scalar perturbation”.
We can make a further variable transformation by introducing
ǫa ≡ Daρ− ρ˙
φ˙
Daφ, (A.5)
(A.5) can be explained as “comoving density perturbation” in single scalar field model, since which becomes
Daρ in comoving frame of scalar field where Daφ = 0. ǫa can also be explained as the “relative entropy
perturbation” between ρ and φ. At this point, it is interesting to note if we alternatively introduce a “relative
entropy perturbation” between φ˙ and φ defined as
Sa(φ˙, φ) ≡ Daφ˙
φ¨
− Daφ
φ˙
, (A.6)
it is easy to show that
ǫa = ρφ˙φ¨Sa. (A.7)
(A.5) can be used to replace Daφ in (A.3) and get
Dap = c
2
aDaρ+
(
c2s − c2a
)
ǫa, (A.8)
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where we define
c2a ≡
p˙
ρ˙
. (A.9)
which has the meaning as “adiabatic speed of sound”. In terms of the non-adiabatic pressure, (A.8) can be
written as an equivalent and more convenient form:
Γa =
(
c2s − c2a
)
ǫa. (A.10)
Thus we get the very useful conclusion: if both the energy density and the pressure can be written as functions
of φ˙ and φ as (A.1), the following three quantities are proportional to each other:
Γa ∝ ǫa ∝ Sa. (A.11)
Now we are at the position to see under which condition the “fluid” becomes barotropic, i.e. Dap ∝ Daρ
or equivalently Γa = 0. Typically, according to (A.10), we are left with two possibilities in order to make Γa
vanish:
• One possibility is to make
c2s = c
2
a, (A.12)
or equivalently
p˙
ρ˙
=
pφ
ρφ
=
p
φ˙
ρ
φ˙
. (A.13)
If (A.12) or (A.13) is satisfied, the fluid becomes barotropic on all scales. In general (A.12) or (A.13)
put constraints on the functional forms of ρ = ρ(φ˙, φ) and ρ = ρ(φ˙, φ), and thus the structure of the
scalar field theory. See [27, 28, 32] for a recent discussion on the barotropy of the fluid corresponding to
k-essence model and the constraint of exact barotropy on the functional form of P (X,φ).
• The other possibility is to make
ǫa = 0. (A.14)
As is well-known in k-essence model, this indeed happens on large scales, where the generalized Poisson
equation yiedls ǫa ∝ Da(∇2Φ) ≈ 0, which yields the well-known conclusion that scalar perturbation of
perfect fluid or k-essence model becomes adiabatic on large scales. As we will show in this work, this is
still the case for Galileon model, although not as explicit as k-essence model [31–33]. See Appendix B
for a more general discussion on the suppression of entropy perturbation on large scales. Note on large
scales ǫa = 0 implies φ˙ = φ˙(φ), which can be viewed as the generalization of “slow-roll” condition.
In fact, we can consider the system which can be viewed as an “N -n” mapping:
QI = QI(qi), i = 1, · · · n, I = 1, · · ·N. (A.15)
The relative entropy perturbation between any two QI ’s is given by
Sa (QI , QJ) =
∑
i,j
q˙iq˙j
2Q˙IQ˙J
(
∂QI
∂qi
∂QJ
∂qj
− ∂QJ
∂qi
∂QI
∂qj
)
Sa (qi, qj) , (A.16)
which are linear combination of n(n−1)/2 relative entropy perturbation among qi’s. For our purpose, one may
find the following “N -2” mapping result be useful in practical calculations when {qi} = {φ˙, φ}, the entropy
perturbations between any of two QI’s are
Sa (QI , QJ ) =
φ˙φ¨
2Q˙IQ˙J
(
∂QI
∂φ˙
∂QJ
∂φ
− ∂QI
∂φ
∂QJ
∂φ˙
)
Sa
(
φ˙, φ
)
. (A.17)
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In this case, it is not surprise that all the relative entropy perturbations Sa(QI , QJ) are proportional to each
other. This is just what happens in our system. The key point is that, in single scalar field model, all other
entropy modes are relative entropy modes among terms with higher-order spatial gradients and thus can be
neglected on large scales by definition, except the relative entropy perturbation between φ˙ and φ: Sa(φ˙, φ)
(although which itself is also suppressed by dynamical reason). Thus, Γa, ǫa and ǫ˜a or any other quantity which
has the meaning of relative entropy perturbation are just different but equivalent characterization of the same
entropy perturbation of the system, and must be proportional to each other.
B Suppression of entropy perturbation on large scales
In this section, we will show that, as long as the energy density and the pressure of the scalar field model can be
written in the form ρ = ρ(φ, φ˙) and P = P (φ, φ˙), the entropy/non-adiabatic perturbation in the corresponding
system is suppressed on large scales.
To this end, we make use of the energy and momentum constraint:
uaubGab ≡ 1
3
Θ2 +
1
2
(
R(3) − σabσab
)
= ρ, (B.1)
ubGbch
c
a ≡ Dbσba −
2
3
DaΘ = −qa, (B.2)
combination of which yields
1
2
Da
(
R(3) − σabσab
)
+ΘDbσba = Daρ−Θqa. (B.3)
(B.3) is the covariant generalization of Poission equation. The left-hand-side of (B.3) is at least third-order
in spatial derivatives and thus is suppressed on large scales in an almost FRW background, which implies the
right-hand-side
ǫ˜a ≡ Daρ−Θqa, (B.4)
is suppressed on large scales. The next task is to show ǫ˜a is indeed an entropy perturbation, i.e. the charac-
terization of the non-adiabatic perturbation in our system. To see this, we have to make use of the fact that,
the energy-flow of the scalar field theory (k-essence, Galileons) arises only through spatial derivatives, i.e. its
general structure is
qa =
qφ
φ˙
Daφ+
qφ˙
φ¨
Daφ˙+O(D2), (B.5)
where qφ and qφ˙ are general coefficients depending on specific theories, whose explicit expressions are irrele-
vant to our following analysis. Another important observation is, qa and ρ, P must have the following constraint
(neglecting higher order spatial derivative terms)
− qφ − qφ˙ ≈ ρ+ P, (B.6)
which, although not obvious, can be verified explicitly through (2.61), (2.62), (2.63) and (E.1), or simply taking
into account the functional form of the energy-momentum tensor13.
Having the above relations in hand, we have
ǫ˜a − ǫa = ρ˙
φ˙
Daφ−Θ
(
qφ
φ˙
Daφ+
q
φ˙
φ¨
Daφ˙+O(D2)
)
=
−Θ(ρ+ P )
φ˙
Daφ−Θqφ
φ˙
Daφ−Θ
q
φ˙
φ¨
Daφ˙+O(D2)
≡ Θqφ˙Sa
(
φ, φ˙
)
+O(D2),
13Essentially, this is because the energy-momentum tensor of the scalar field is the variational derivative of a scalar Lagrangian with
respect to the metric.
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where we used the energy-momentum constraint ρ˙+Θ(ρ+P ) = D whereD is defined in (2.9). The comoving
density perturbation ǫa ≡ ρ˙Sa (ρ, φ) is just the entropy perturbation between ρ and φ, which is proportional to
Sa(φ˙, φ) on large scales since ρ = ρ(φ, φ˙). Thus, we can conclude
ǫ˜a ∝ Sa(φ, φ˙), (B.7)
i.e. is the characterization of the entropy perturbation in our system. As we emphasized before, the fact that
our system is controlled (on large scales) by two degrees of freedom φ and φ˙ implies, all different entropy
perturbations are proportional to each other, and are suppressed.
C Explicit expressions for D(ρ), D(P ) and D(φ¨)
The discussion of this work relies on the large-scale approximation. For completeness, here we collect various
higher-order spatial derivative terms.
D(ρ) = G,X
[
− 1
2
φ˙ (DaφD
aφ)· +DaXDaφ
+φ˙2 (DaDaφ+ a
aDaφ)
]
+G,φDaφD
aφ, (C.1)
D(P ) = −G,X
[
1
2
φ˙ (DaφD
aφ)· +
1
3
DaXD
aφ
]
+
(
1
3
B˜ −G,φ
)
DaφD
aφ, (C.2)
and
D(φ¨) =
ρ,A(ρ)
ρ
,φ˙
A˙(ρ) −
3ρ,Θ
2Θ
R˙
ρ
,φ˙
+
1
ρ
,φ˙
(
1− 3ρ,Θ
2Θ
)(
ΘD(ρ) +ΘD(P ) −D
)
. (C.3)
D Relations among Γa, ǫa, ǫ˜a
As have discussed in Appendix A, there are three quantities which are of particular importance in our analysis:
the non-adiabatic pressure Γa, and two covariant generalizations of comoving density perturbation ǫa and ǫ˜a.
In a perfect fluid or k-essence system, they are related by
Γa ≈ (c2s − c2a)ǫa, and ǫa ≈ ǫ˜a. (D.1)
In this appendix, we will derive the corresponding relations among the above three quantities in Galileon
model (2.15). We will frequently use the definition of relative entropy perturbation between any two quantities
Sa(X,Y ) defined in (2.41).
To this end, it is useful to express them in terms of a basic quantity Sa(φ˙, φ), which is the basic character-
ization of the relative entropy perturbation in our system. We have derived the expression for ρ and P in terms
of φ˙ and φ in (2.35)-(2.40), after some manipulations, we get:
Γa =
(
1− 3ρ,Θ
2Θ
)−1 1
ρ˙
[
Cφ˙φ¨Sa(φ˙, φ) + Sa
]
(D.2)
with
C = ρ,φP,φ˙ − ρ,φ˙P,φ + P,φ¨
(
ρ,φA,φ˙ − ρ,φ˙A,φ
)
, (D.3)
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and
Sa = P,φ¨A,A(φ¨)A˙(φ¨)
[
ρ
,φ˙
φ¨Sa
(
A(φ¨), φ˙
)
+ ρ,φφ˙Sa
(
A(φ¨), φ
)]
+P,A(P )A˙(P )
[
ρ
,φ˙
φ¨Sa
(
A(P ), φ˙
)
+ ρ,φφ˙Sa
(
A(P ), φ
)]
+
(
P,φ + P,φ¨A,φ
)
φ˙
[
ρ,A(ρ)A˙(ρ)Sa
(
φ,A(ρ)
)
+
3ρ,Θ
2Θ
R˙Sa (R, φ)
]
+
(
P
,φ˙
+ P
,φ¨
A
,φ˙
)
φ¨
[
ρ,A(ρ)A˙(ρ)Sa
(
φ˙, A(ρ)
)
+
3ρ,Θ
2Θ
R˙Sa
(
R, φ˙
)]
+A˙(ρ)ρ,A(ρ)
[
P,φ¨A,A(φ¨)A˙(φ¨)Sa
(
A(φ¨), A(ρ)
)
+ P,A(P )A˙(P )Sa
(
A(P ), A(ρ)
)]
+
3ρ,Θ
2Θ
R˙
[
P
,φ¨
A,A(φ¨)A˙(φ¨)Sa
(
R, A(φ¨)
)
+ P,A(P )A˙(P )Sa
(R, A(P ))] . (D.4)
Sa is the summation of various relative entropy perturbations among terms which are higher-order in spatial
derivatives, and can be completely neglected on large scales. The comoving density perturbation ǫa defined in
(2.43) is given by
ǫa =
(
1− 3ρ,Θ
2Θ
)−1
ρ
,φ˙
φ¨Sa
(
φ˙, φ
)
+D(ǫa), (D.5)
with
D(ǫa) =
(
1− 3ρ,Θ
2Θ
)−1 [
ρ,A(ρ)A˙(ρ)Sa
(
A(ρ), φ
)− 3ρ,Θ
2Θ
R˙Sa (R, φ)
]
. (D.6)
ǫ˜a defined in (2.44) is given by
ǫ˜a =
[(
1− 3ρ,Θ
2Θ
)−1
ρ
,φ˙
+ΘG,X φ˙
2
]
φ¨Sa
(
φ˙, φ
)
+D(ǫ˜a), (D.7)
with
D(ǫ˜a) = D(ǫa) +
1
2
ΘG,X φ˙ (D
cφDcφ)
· Sa
(
φ,
(
DbφDbφ
))
+
[
D − Θ
3
(
B˜DaφD
aφ+ 2G,XDaφD
aX
)] Daφ
φ˙
. (D.8)
Again, both D(ǫa) and D(ǫ˜a) are higher order in spatial gradients, and should be neglected on large scales.
E Explicit expression for T (3)ab
The energy-momentum tensor corresponding to L(3) takes the following form:
T
(3)
ab = C1gab + C2∇aφ∇bφ+ C3∇aX∇bX + C4∇(aφ∇b)X + C5∇a∇bφ+ C6∇cX∇c∇(aφ∇b)φ
+C7 ∇cX∇c∇dφ∇d∇(aφ∇b)φ+ C8∇c∇aφ∇b∇cφ+ C9∇cX∇(aX∇c∇b)φ
+C10∇c∇dφ∇d∇aφ∇c∇bφ+ τ (3)ab , (E.1)
where C1, · · · , C10 are scalar coefficients given by:
C1 = 6Q
(3)
,φ
[
− (φ)2 + (∇a∇bφ)2 + 2Gab∇aφ∇bφ−RX
]
− 6Q(3),φφ (∇aX∇aφ− 2Xφ)
−6K(3),φ
(
X
(
(∇a∇bφ) 2 − (φ)2
)
+ 2∇aX∇aX + 2φ∇aX∇aφ
)
−3K(3)
[2
3
(
(φ)3 − 3φ (∇a∇bφ) 2 + 2 (∇a∇bφ)3
)
− 2φRab∇aφ∇bφ
−4Rab∇aX∇bφ+R∇aX∇aφ+ 2Rbdac∇aφ∇bφ∇c∇dφ
]
−K(3),X
[
3
(
(φ)2 − (∇a∇bφ) 2
)
∇cX∇cφ− 6∇aX∇bX∇a∇bφ+ 6φ∇aX∇aX
]
, (E.2)
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C2 = 6K
(3)
,φ
[
(φ)2 − (∇a∇bφ) 2
]
+ 6Q
(3)
,φ R+ 6Q
(3)
,φφφ− 6K(3)Gab∇a∇bφ
+K
(3)
,X
[
(φ)3 − 3 (∇a∇bφ)2φ+ 2 (∇a∇bφ)3
]
, (E.3)
C3 = 12K
(3)
,φ + 6K
(3)
,X φ, (E.4)
C4 = 6K
(3)R+ 6K
(3)
,X
[
(φ)2 − (∇a∇bφ)2
]
+ 24K
(3)
,φ φ+ 12Q
(3)
,φφ, (E.5)
C5 = 12Q
(3)
,φ φ− 12Q
(3)
,φφX − 6K(3)
[
(∇a∇bφ)2 − (φ)2 +Rab∇aφ∇bφ
]
−2K(3),φ (6Xφ− 6∇aX∇aφ) + 6K
(3)
,X (∇aX∇aX +φ∇aX∇aφ) , (E.6)
C6 = −12K(3),X φ− 24K(3),φ , (E.7)
C7 = 12K
(3)
,X , (E.8)
C8 = −12K(3)φ+ 12K(3),φ X − 12Q
(3)
,φ − 6K
(3)
,X ∇aX∇aφ, (E.9)
C9 = −12K(3),X , (E.10)
C10 = 12K
(3), (E.11)
and τ (3)ab represents terms whose a, b-indices explicitly depend on or coupled to Riemannian tensors:
τ
(3)
ab = −12Q
(3)
,φ
(
XRab +Racbd∇cφ∇dφ+ 2∇(aφRb)c∇cφ
)
−6K(3)
{
2
[
(φ∇cφ+∇cX)Rc(a +∇d∇cφ∇eφRecd(a −Rcd∇cφ∇d∇(aφ
]
∇b)φ
−∇cX∇cφRab + 2∇cφRc(a∇b)X
−Rc(ab)d∇cφ
(
φ∇dφ+ 2∇dX
)
− 2∇cφ∇eφRedc(a∇d∇b)φ
}
. (E.12)
In deriving the above expressions, we frequently used
[∇b,∇c]∇aφ = Rdacb∇dφ, [∇c,∇d]∇a∇bφ = Rebdc∇a∇eφ+Readc∇a∇eφ,
as well as the Bianchi identity ∇aRdebc +∇bRdeca +∇cRdeab = 0.
F 3+1 decomposition of Riemannian quantities
As we have seen in the bulk of this paper, besides the energy-momentum conservation equation, the Einstein
equation must also be employed in order to complete the proof of conservation. Moreover, we frequently
need to re-express the gravitational quantities in the equations in terms of fluid quantities. To this end, the
“3+1 decompositions” of the Einstein/Riemann/Ricci tensors, which are the counterparts of the corresponding
decomposition of energy-momentum tensor Tab (2.1) and ∇bua (2.7), are needed.
These decompositions are the so-called Gauss/Codazzi/Ricci equations etc. One should keep in mind that
they are purely kinetic equations, which are irrelevant to the underlying theory of gravitation. Some relevant
equations which are used in this paper are summarized in the following14:
• Contracted Gauss eqution
hcah
d
bRcd + h
a′
a h
b′
b u
cudRa′cb′d =
3Rab +
2
9
Θ2hab +
1
3
Θσab − σacσcb , , (F.1)
where 3Rab is the spatial Ricci tensor constructed using hab.
14Here we have expressed them in terms of Θ, Θ˙, aa, hab, σab etc for convenience. For their general and more compact expressions,
see (e.g.) [29].
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• Contracted Codazzi equation
hbau
cRbc = Dbσ
b
a −
2
3
DaΘ. (F.2)
• Ricci equation
ha
′
a h
b′
b u
cudRa′cb′d = −1
9
(
Θ2 + 3Θ˙
)
hab + aaab +Daab + σacσ
c
b −
1
N
£vσab, (F.3)
where the last term is the Lie derivative with respect to va ≡ Nua, with N the lapse scalar. Under the
large-scale approximation, only the first term on the right-hand-side in (F.3) survives.
• Decomposition of Ricci scalar
R = 3R+
4
3
Θ2 + 2Θ˙ + σabσ
ab − 2aaaa − 2Daaa, (F.4)
where 3R is the spatial Ricci scalar.
Some other useful relations can be derived by combining (F.1)-(F.4), e.g.:
uaubRab = −1
3
Θ2 − Θ˙− σabσab + aaaa +Daaa, (F.5)
hcah
d
bRcd =
3Rab +
1
3
(
Θ2 + Θ˙
)
hab − aaab −Daab + 1
3
Θσab − 2σacσcb +
1
N
£vσab. (F.6)
Note in the above expressions ωab = 0 is assumed, which is the case when ua is hypersurface orthogonal.
References
[1] A. H. Guth, Phys. Rev. D 23 (1981) 347.
[2] D. Larson et al., arXiv:1001.4635 [astro-ph.CO].
[3] A. A. Starobinsky, Phys. Lett. B 91 (1980) 99.
A. D. Linde, Phys. Lett. B 108 (1982) 389.
A. Albrecht and P. J. Steinhardt, Phys. Rev. Lett. 48 (1982) 1220.
A. D. Linde, Phys. Lett. B 129 (1983) 177.
[4] C. Armendariz-Picon, T. Damour and V. F. Mukhanov, Phys. Lett. B 458 (1999) 209 [arXiv:hep-th/9904075].
J. Garriga and V. F. Mukhanov, Phys. Lett. B 458 (1999) 219 [arXiv:hep-th/9904176].
[5] H. Kodama and M. Sasaki, Prog. Theor. Phys. Suppl. 78 (1984) 1.
V. F. Mukhanov, H. A. Feldman and R. H. Brandenberger, Phys. Rept. 215, 203 (1992).
K. A. Malik and D. Wands, Phys. Rept. 475 (2009) 1 [arXiv:0809.4944 [astro-ph]].
R. Durrer, Fund. Cosmic Phys. 15 (1994) 209 [arXiv:astro-ph/9311041].
D. Langlois, arXiv:hep-th/0405053.
N. Bartolo, E. Komatsu, S. Matarrese and A. Riotto, Phys. Rept. 402 (2004) 103 [arXiv:astro-ph/0406398].
D. Langlois, Lect. Notes Phys. 800 (2010) 1 [arXiv:1001.5259 [astro-ph.CO]].
[6] D. S. Salopek and J. R. Bond, Phys. Rev. D 42 (1990) 3936.
G. L. Comer, N. Deruelle, D. Langlois and J. Parry, Phys. Rev. D 49 (1994) 2759.
Y. Nambu and A. Taruya, Class. Quant. Grav. 13 (1996) 705 [arXiv:astro-ph/9411013].
G. I. Rigopoulos and E. P. S. Shellard, Phys. Rev. D 68 (2003) 123518 [arXiv:astro-ph/0306620].
G. I. Rigopoulos and E. P. S. Shellard, JCAP 0510 (2005) 006 [arXiv:astro-ph/0405185].
E. W. Kolb, S. Matarrese, A. Notari and A. Riotto, Mod. Phys. Lett. A 20 (2005) 2705 [arXiv:astro-ph/0410541].
N. Deruelle and D. Langlois, Phys. Rev. D 52 (1995) 2007 [arXiv:gr-qc/9411040].
– 24 –
N. Afshordi and R. H. Brandenberger, Phys. Rev. D 63 (2001) 123505 [arXiv:gr-qc/0011075]. A. R. Liddle,
D. H. Lyth, K. A. Malik and D. Wands, Phys. Rev. D 61 (2000) 103509 [arXiv:hep-ph/9912473].
D. H. Lyth and Y. Rodriguez, Phys. Rev. D 71 (2005) 123508 [arXiv:astro-ph/0502578].
D. Wands, K. A. Malik, D. H. Lyth and A. R. Liddle, Phys. Rev. D 62 (2000) 043527 [arXiv:astro-ph/0003278].
[7] Y. Tanaka and M. Sasaki, Prog. Theor. Phys. 117 (2007) 633 [arXiv:gr-qc/0612191].
Y. Tanaka and M. Sasaki, Prog. Theor. Phys. 118 (2007) 455 [arXiv:0706.0678 [gr-qc]].
M. Sasaki and T. Tanaka, Prog. Theor. Phys. 99 (1998) 763 [arXiv:gr-qc/9801017].
Y. i. Takamizu and S. Mukohyama, JCAP 0901 (2009) 013 [arXiv:0810.0746 [gr-qc]]. Y. i. Takamizu,
S. Mukohyama, M. Sasaki and Y. Tanaka, JCAP 1006 (2010) 019 [arXiv:1004.1870 [astro-ph.CO]].
[8] D. H. Lyth, K. A. Malik and M. Sasaki, JCAP 0505 (2005) 004 [arXiv:astro-ph/0411220].
D. H. Lyth and D. Wands, Phys. Rev. D 68 (2003) 103515 [arXiv:astro-ph/0306498].
K. A. Malik and D. Wands, Class. Quant. Grav. 21 (2004) L65 [arXiv:astro-ph/0307055].
E. W. Kolb, S. Matarrese, A. Notari and A. Riotto, Mod. Phys. Lett. A 20 (2005) 2705 [arXiv:astro-ph/0410541].
M. Sasaki and E. D. Stewart, Prog. Theor. Phys. 95 (1996) 71 [arXiv:astro-ph/9507001].
[9] G. R. Dvali, G. Gabadadze and M. Porrati, Phys. Lett. B 485 (2000) 208 [arXiv:hep-th/0005016].
[10] A. Nicolis, R. Rattazzi, JHEP 0406 (2004) 059. [hep-th/0404159].
E. Babichev, C. Deffayet, R. Ziour, JHEP 0905 (2009) 098. [arXiv:0901.0393 [hep-th]].
E. Babichev, C. Deffayet, R. Ziour, Int. J. Mod. Phys. D18 (2009) 2147-2154. [arXiv:0905.2943 [hep-th]].
E. Babichev, C. Deffayet, R. Ziour, Phys. Rev. Lett. 103, 201102 (2009). [arXiv:0907.4103 [gr-qc]].
E. Babichev, C. Deffayet, R. Ziour, Phys. Rev. D82 (2010) 104008. [arXiv:1007.4506 [gr-qc]].
C. de Rham, A. J. Tolley, JCAP 1005 (2010) 015. [arXiv:1003.5917 [hep-th]].
C. Deffayet, G. R. Dvali, G. Gabadadze and A. I. Vainshtein, Phys. Rev. D 65 (2002) 044026
[arXiv:hep-th/0106001].
[11] D. Langlois and F. Vernizzi, Class. Quant. Grav. 27 (2010) 124007 [arXiv:1003.3270 [astro-ph.CO]].
[12] C. G. Tsagas, A. Challinor and R. Maartens, Phys. Rept. 465 (2008) 61 [arXiv:0705.4397 [astro-ph]].
[13] D. Langlois and F. Vernizzi, Phys. Rev. Lett. 95 (2005) 091303 [arXiv:astro-ph/0503416].
D. Langlois and F. Vernizzi, Phys. Rev. D 72 (2005) 103501 [arXiv:astro-ph/0509078].
D. Langlois and F. Vernizzi, JCAP 0602 (2006) 014 [arXiv:astro-ph/0601271].
D. Langlois and F. Vernizzi, JCAP 0702 (2007) 017 [arXiv:astro-ph/0610064].
[14] C. Pitrou and J. P. Uzan, Phys. Rev. D 75 (2007) 087302 [arXiv:gr-qc/0701121].
K. Enqvist, J. Hogdahl, S. Nurmi and F. Vernizzi, Phys. Rev. D 75 (2007) 023515 [arXiv:gr-qc/0611020].
S. D. Brechet, M. P. Hobson and A. N. Lasenby, arXiv:0909.5384 [gr-qc].
S. Renaux-Petel and G. Tasinato, JCAP 0901 (2009) 012 [arXiv:0810.2405 [hep-th]].
[15] S. W. Hawking, Astrophys. J. 145 (1966) 544.
G. F. R. Ellis and M. Bruni, Phys. Rev. D 40 (1989) 1804.
G. F. R. Ellis, J. Hwang and M. Bruni, Phys. Rev. D 40 (1989) 1819.
G. F. R. Ellis, M. Bruni and J. Hwang, Phys. Rev. D 42 (1990) 1035.
M. Bruni, G. F. R. Ellis and P. K. S. Dunsby, Class. Quant. Grav. 9 (1992) 921.
P. K. S. Dunsby, M. Bruni and G. F. R. Ellis, Astrophys. J. 395 (1992) 54.
M. Bruni, P. K. S. Dunsby and G. F. R. Ellis, Astrophys. J. 395 (1992) 34.
[16] A. Nicolis, R. Rattazzi and E. Trincherini, Phys. Rev. D 79 (2009) 064036 [arXiv:0811.2197 [hep-th]].
[17] C. Deffayet, G. Esposito-Farese and A. Vikman, Phys. Rev. D 79 (2009) 084003 [arXiv:0901.1314 [hep-th]].
C. Deffayet, S. Deser and G. Esposito-Farese, Phys. Rev. D 80 (2009) 064015 [arXiv:0906.1967 [gr-qc]].
C. Deffayet, S. Deser and G. Esposito-Farese, Phys. Rev. D 82 (2010) 061501 [arXiv:1007.5278 [gr-qc]].
[18] G. W. Horndeski, Int. J. Theor. Phys. 10 (1974) 363-384.
[19] C. Deffayet, X. Gao, D. A. Steer and G. Zahariade, arXiv:1103.3260 [hep-th].
– 25 –
[20] C. de Rham and A. J. Tolley, JCAP 1005 (2010) 015 [arXiv:1003.5917 [hep-th]].
C. Burrage, C. de Rham and L. Heisenberg, JCAP 1105 (2011) 025 [arXiv:1104.0155 [hep-th]].
G. Goon, K. Hinterbichler and M. Trodden, arXiv:1103.5745 [hep-th].
G. Goon, K. Hinterbichler and M. Trodden, arXiv:1103.6029 [hep-th].
M. Trodden and K. Hinterbichler, arXiv:1104.2088 [hep-th].
[21] N. Chow and J. Khoury, Phys. Rev. D 80, 024037 (2009) [arXiv:0905.1325 [hep-th]];
F. P. Silva and K. Koyama, Phys. Rev. D 80, 121301 (2009) [arXiv:0909.4538 [astro-ph.CO]];
T. Kobayashi, H. Tashiro and D. Suzuki, Phys. Rev. D 81, 063513 (2010) [arXiv:0912.4641 [astro-ph.CO]];
T. Kobayashi, Phys. Rev. D 81, 103533 (2010) [arXiv:1003.3281 [astro-ph.CO]];
R. Gannouji and M. Sami, Phys. Rev. D 82, 024011 (2010) [arXiv:1004.2808 [gr-qc]];
A. De Felice, S. Tsujikawa, JCAP 1007, 024 (2010). [arXiv:1005.0868 [astro-ph.CO]];
A. De Felice, S. Mukohyama, S. Tsujikawa, Phys. Rev. D82, 023524 (2010). [arXiv:1006.0281 [astro-ph.CO]];
A. De Felice, S. Tsujikawa, Phys. Rev. Lett. 105, 111301 (2010). [arXiv:1007.2700 [astro-ph.CO]];
A. Ali, R. Gannouji, M. Sami, Phys. Rev. D82, 103015 (2010). [arXiv:1008.1588 [astro-ph.CO]];
A. De Felice, S. Tsujikawa, [arXiv:1008.4236 [hep-th]];
S. Nesseris, A. De Felice, S. Tsujikawa, Phys. Rev. D82, 124054 (2010). [arXiv:1010.0407 [astro-ph.CO]];
A. De Felice, R. Kase, S. Tsujikawa, Phys. Rev. D83, 043515 (2011). [arXiv:1011.6132 [astro-ph.CO]];
K. Hirano, [arXiv:1012.5451 [astro-ph.CO]];
M. Wyman, Phys. Rev. Lett. 106, 201102 (2011). [arXiv:1101.1295 [astro-ph.CO]];
A. De Felice, S. Tsujikawa, JCAP 1104, 029 (2011). [arXiv:1103.1172 [astro-ph.CO]].
K. Kamada, T. Kobayashi, M. Yamaguchi, J. Yokoyama, Phys. Rev. D83, 083515 (2011). [arXiv:1012.4238
[astro-ph.CO]].
T. Kobayashi, M. Yamaguchi, J. Yokoyama, [arXiv:1103.1740 [hep-th]].
R. Kimura, K. Yamamoto, JCAP 1104, 025 (2011). [arXiv:1011.2006 [astro-ph.CO]].
S. Mizuno, K. Koyama, Phys. Rev. D82, 103518 (2010). [arXiv:1009.0677 [hep-th]].
C. Burrage, C. de Rham, D. Seery, A. J. Tolley, JCAP 1101, 014 (2011). [arXiv:1009.2497 [hep-th]].
P. Creminelli, G. D’Amico, M. Musso, J. Norena, E. Trincherini, JCAP 1102, 006 (2011). [arXiv:1011.3004
[hep-th]].
P. Creminelli, A. Nicolis, E. Trincherini, JCAP 1011, 021 (2010). [arXiv:1007.0027 [hep-th]].
A. De Felice, S. Tsujikawa, J. Elliston and R. Tavakol, arXiv:1105.4685 [astro-ph.CO].
Z. G. Liu, J. Zhang and Y. S. Piao, arXiv:1105.5713 [astro-ph.CO].
L. P. Levasseur, R. Brandenberger and A. C. Davis, arXiv:1105.5649 [astro-ph.CO].
S. Renaux-Petel, arXiv:1105.6366 [astro-ph.CO].
J. Evslin and T. Qiu, arXiv:1106.0570 [hep-th].
[22] T. Kobayashi, M. Yamaguchi, J. Yokoyama, Phys. Rev. Lett. 105, 231302 (2010). [arXiv:1008.0603 [hep-th]].
[23] T. Kobayashi, M. Yamaguchi and J. Yokoyama, arXiv:1105.5723 [hep-th].
[24] A. Naruko and M. Sasaki, Class. Quant. Grav. 28 (2011) 072001 [arXiv:1101.3180 [astro-ph.CO]].
[25] C. Deffayet, O. Pujolas, I. Sawicki and A. Vikman, JCAP 1010 (2010) 026 [arXiv:1008.0048 [hep-th]].
[26] O. Pujolas, I. Sawicki and A. Vikman, arXiv:1103.5360 [hep-th].
[27] F. Arroja and M. Sasaki, Phys. Rev. D 81 (2010) 107301 [arXiv:1002.1376 [astro-ph.CO]].
[28] R. Akhoury, C. S. Gauthier, A. Vikman, JHEP 0903 (2009) 082. [arXiv:0811.1620 [astro-ph]].
[29] E. Gourgoulhon, arXiv:gr-qc/0703035.
R. M. Wald, Chicago, Usa: Univ. Pr. ( 1984) 491p
[30] J. M. Maldacena, JHEP 0305 (2003) 013 [arXiv:astro-ph/0210603].
[31] C. Gordon, D. Wands, B. A. Bassett and R. Maartens, Phys. Rev. D 63 (2001) 023506 [arXiv:astro-ph/0009131].
[32] A. J. Christopherson and K. A. Malik, Phys. Lett. B 675 (2009) 159 [arXiv:0809.3518 [astro-ph]].
– 26 –
[33] D. Langlois and S. Renaux-Petel, JCAP 0804 (2008) 017 [arXiv:0801.1085 [hep-th]].
– 27 –
